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NONLINEAR AXISYMMETRIC FLEXURAL VIBRATION OF SPHERICAL SHELLS* 
Haruo Kunieda 
Ames Research Center  
SUMMARY 
This r e p o r t  p re sen t s  axisymmetric responses  of  a nonshallow thin-wal led 
An ord inary  d i f f e r e n t i a l  equat ion with n o n l i n e a r i t y  of  quadra t i c  as well 
s p h e r i c a l  s h e l l  on t h e  b a s i s  of nonl inear  bending theory .  
as cubic  terms a s soc ia t ed  with v a r i a b l e  t ime i s  der ived .  The d e r i v a t i o n  i s  
based on t h e  assumption t h a t  t h e  d e f l e c t i o n  mode is  t h e  sum of  f o u r  Legendre 
polynomials, and t h e  Galerkin procedure i s  appl ied .  
asymptotic expansion, and a f irst  approximate s o l u t i o n  i s  adopted. Unstable 
regions of t h i s  s o l u t i o n  a r e  d iscussed .  
The equat ion i s  solved by 
INTRODUCTION 
The ana lys i s  of dynamic behavior  i s  among t h e  most important cu r ren t  
This research  bear ing  on engineer ing r e l i a b i l i t y  f o r  th in-wal led  s h e l l s .  
r e p o r t  i s  concerned with t h e  forced and f r e e  axisymmetric nonl inear  v i b r a t i o n s  
of nonshallow t h i n  s p h e r i c a l  s h e l l s .  I t  may be expected t h a t  f o r  th in-wal led  
sphe r i ca l  s h e l l s ,  e s p e c i a l l y  nonshallow ones,  a n a l y s i s  on t h e  b a s i s  of  nonl in-  
e a r  theory w i l l  r evea l  such phenomena of  response t h a t  cannot be provided by 
l i n e a r  theory .  
The few i n v e s t i g a t i o n s  t h a t  have been made concerning t h i s  problem of  
sphe r i ca l  s h e l l s  a r e  l imi t ed  t o  t h e  shallow s h e l l s  ( r e f s .  1 and 2 ) .  Reference 
3 has provided t h e  s o l u t i o n s  t h a t  apply t o  genera l ized  v a r i a t i o n a l  equat ions  
of motion with the  s u b s t i t u t i o n  of s p a t i a l  mode of  t h e  d e f l e c t i o n  der ived  by 
l i n e a r  theory .  Since t h e  d e f l e c t i o n  mode of  l i n e a r  v i b r a t i o n  appears genera l ly  
as t h e  sum of Legendre func t ions ,  with r e a l  f r a c t i o n a l  and complex conjugate  
o rde r s  f o r  nonshallow s p h e r i c a l  s h e l l s ,  equat ions cannot be i n t e g r a t e d  e a s i l y  
i n  v a r i a t i o n a l  procedure ( r e f .  3 ) .  
polynomials t o  s a t i s f y  t h e  ord inary  boundary cond i t ions ,  and with t h e  Galerkin 
procedure an ord inary  nonl inear  equat ion with t ime as t h e  independent v a r i a b l e  
i s  der ived .  
Although t h e  assumed d e f l e c t i o n  may not  f i t  t h e  response mode r igo rous ly ,  
it appears t o  be s u f f i c i e n t  by comparison with t h e  expansion of  t h e  s inuso ida l  
func t ion  o r  of t h e  Legendre func t ion  with f r a c t i o n a l  o rde r  with Legendre poly- 
nomials.  O f  course,  i f  t h e  mode of  e x c i t i n g  f o r c e  i s  t h e  same as t h a t  o f  
assumed d e f l e c t i o n  then  a r igorous  response mode r e s u l t s .  
In  t h i s  r e p o r t  t h e  d e f l e c t i o n  i s  s e t  as t h e  sum of  fou r  Legendre 
*This work was c a r r i e d  out  while  t h e  au thor  was pursuing a Nat ional  
Research Council Resident Assoc ia tesh ip  supported by t h e  Nat ional  Aeronautics 
and Space Adminis t ra t ion.  
The fundamental non l inea r  e.quations and r e l a t i o n s  f o r  s p h e r i c a l  s h e l l s  
used he re  are der ived  from re fe rence  4 wi th  t h e  assumption o f  small r o t a t i o n s  
and t h e  neg lec t  of  l ong i tud ina l  i n e r t i a  terms and non l inea r  terms i n  t h e  
equi l ibr ium equat ions o f  c i r cumfe ren t i a l  d i r e c t i o n .  
The o rd ina ry  d i f f e r e n t i a l  equat ion t h a t  i s  f i n a l l y  der ived  i s  analogous 
t o  a non l inea r ,  single-degree-of-freedom mass s p r i n g  o s c i l l a t o r .  This  equa- 
t i o n ,  however, has  a n o n l i n e a r i t y  o f  q u a d r a t i c  as w e l l  as cubic  terms of  depen- 
dent  v a r i a b l e ,  X ( t ) ,  whereas only  a cubic  term appears f o r  c y l i n d r i c a l  s h e l l s  
( r e f s .  5 and 6 ) .  Because o f  t h e  q u a d r a t i c  term, t h e  s o l u t i o n  f o r  X(t)  can 
e x h i b i t  t h e  non l inea r  proper ty  o f  both s o f t e n i n g  and hardening a l t e r n a t e l y  as 
X(t)  changes s i g n .  The range o f  X(t)  over  which t h i s  behavior  occurs  depends 
on t h e  d e f l e c t i o n  mode assumed, on t h e  open ang le  of  t h e  s h e l l ,  and on t h e  
th ickness- rad ius  r a t i o .  Consequently, it i s  found t h a t  an inc rease  o r  decrease  
i n  t h e  amplitude of  v i b r a t i o n  with an i n c r e a s e  i n  frequency does not  necessar -  
i l y  re f lec t  t h e  e f f e c t  o f  a pu re ly  sof ten ing  o r  hardening sp r ing .  
expansion of  t h i s  equat ion,  with t h e  expansions i n  power of  th ickness- rad ius  
r a t i o .  
c a l l y  as are t h e  e f f e c t s  o f  th ickness- rad ius  r a t i o ,  e x c i t i n g  f o r c e ,  boundary 
condi t ions ,  and viscous damping. 
The s o l u t i o n s  o f  t h i s  non l inea r  d i f f e r e n t i a l  equat ion use  t h e  asymptot ic  
The reg ion  o f  t h e  frequency f o r  uns t ab le  response i s  d iscussed  numeri- 
GOVERNING EQUATIONS 
The fol lowing assumptions may be a p p l i c a b l e  i n  t h e  d e r i v a t i o n  of  
governing equat ions f o r  thin-wal led nonshallow s p h e r i c a l  s h e l l s .  
1. Large d e f l e c t i o n  and small s t r a i n  
2 .  Extremely l a r g e  rad ius- th ickness  r a t i o  i n  comparison with u n i t y  
3 .  Small r o t a t i o n s  
4.  Negl ig ib le  r o t a r y  i n e r t i a  and t r a n s v e r s e  s h e a r  deformations 
Then, i f  t h e  angle  of  r o t a t i o n  i s  approximated as 
0 0 Y = (u + w ) / a  zz w / a  
9 
and t h e  long i tud ina l  i n e r t i a  terms and non l inea r  term i n  equi l ibr ium equat ions 
i n  c i r cumfe ren t i a l  d i r e c t i o n s  a r e  neglec ted ,  t h e  fol lowing equat ion can be  
der ived from re fe rence  4 as a governing equat ion f o r  axisymmetric v i b r a t i o n  of 
s p h e r i c a l  s h e l l s .  
a 1; H2VY)  - ;[wooH2(y) - 
The stress r e s u l t a n t s  Ne and N a r e  r e l a t e d  t o  w and t h e  Airy-type s t r e s s  
func t ion  Y as follows : 9 
2 





Ne = - boo + Y - - a H2(w)] 
a2 
1 k 
N = - Ecot $)Yo + Y - a H2(w)] ' a2 
The compa t ib i l i t y  condi t ion  ( i n  terms o f  w and Y) is  
2 c k H2H1 (y) - (1 - v) g H2H2 (w) + aEhH2(w) + Eh HO(w)wo0 - (woo) - (w')~]  = 0 
Equation (3) i s  der ived  from t h e  middle s u r f a c e  s t ra in-d isp lacement  r e l a t i o n s  
1 
e a  e = - [ ( c o t  $ ) ( u )  - w] 
i n  conjunct ion with equat ions ( 2 ) .  
SOLUTIONS 
In t h e  axisymmetric l i n e a r  problem, t h e  pure ly  t o r s i o n a l  motion of  s h e l l s  
can be solved ( r e f .  3 ) ;  then  t h e  t o r s i o n l e s s  mode shape of  v i b r a t i o n  i s  c o n s t i -  
t u t e d  by t h r e e  fundamental mode shapes represented  as Legendre func t ions  with 
small r e a l  f r a c t i o n a l  o r d e r  and complex conjugate  o r d e r s ,  o r  two Legendre 
func t ions  with r e a l  f r a c t i o n a l  o rde r s  of small and extremely l a r g e  va lue  and a 
Kegelfunction ( r e f .  3 ) .  The mode shape represented  by Legendre func t ions  with 
r e a l  (usua l ly  f r a c t i o n a l )  o r d e r  determines t h e  mode shape of  t h e  o v e r a l l  s h e l l  
v i b r a t i o n  as shown i n  r e fe rence  3 .  In  low frequency v i b r a t i o n ,  t h e  mode shape 
corresponding t o  small o r d e r  i s  dominant; whereas a t  h ighe r  f requencies ,  t h e  
mode shape corresponding t o  l a r g e  o rde r  becomes dominant. These modes can be  
expanded i n  t h e  s e r i e s  o f  Legendre polynomials.  
Each s h e l l  d i scussed  he re  has  a closed apex and one edge (see ske tch  ( a ) ) .  
For  convenience of c a l c u l a t i o n  and t o  s a t i s f y  o rd ina ry  boundary cond i t ions ,  t h e  
d e f l e c t i o n  of t h e  fol lowing form w i l l  be  adopted: 
w = W($) - X(t) 
3 
+ A2P + A3P )h  X(t)  = > A . P  1 v; h * X(t) (5) 
= (*OPP0 + I-rl I-r2 v 3  




P = P v .  (cos @) v i  1 
A0 a given cons tan t  
Ai (i # 0) unknown cons tan t  t h a t  can be determined with t h e  cons idera t ion  of 
boundary condi t ions  
a r b i t r a r y  i n t e g e r s  t h a t  s p e c i f y  t h e  p a r t i c u l a r  modes s e l e c t e d  'i 
S t r e s s  func t ion  Y can be obta ined  by s u b s t i t u t i o n  of  equat ion (5) i n t o  
equat ion (3) as fo l lows .  
where 
1 
( 2  - j ( j  + l ) > { j ( j  + 1)  - (1 - v ) l  
b j  = 
p maximum of  pi 
a j  
s e e  appendix A, equat ion ( A S )  
Longitudinal displacement u can be  obta ined  from t h e  fol lowing equat ion 
deduced from equat ions  ( 2 ) ,  (4), and (6) .  
(1 + v) yoo 




+ { (1 + v)b .a + djlPj1h2X2 (t) a J j  
j = 2  
(7) 
where 
d m = - [  1 am - "1, do = (ao + co)  
m2 m(m + 1) - 2 2 
cm see appendix A, equation (A2) 
Equations (S), (6), and (7) allow the satisfaction of any ordinary boundary 
conditions. After the boundary conditions are satisfied, the only unknown 
value in the above relations is X(t). 
tion (1) yields an ordinary nonlinear differential equation in X(t). The sub- 
stitution of equations (5) and (6) into equation (1) and integration of 
equation (1) for overall shell surface after multiplication of w sin $/[hX(t)] 
will result in the equation 
Galerkin's procedure applied to equa- 
where the dimensionless independent variable T is defined as T = uot, and 
the prime ( ' )  means differentiation with T .  Other constants are as follows. 
5 
I ' 11111. 11111111111 I.I.IIIIIIIII1111111111111111111111 I I I I 111 I I1 I 1  111 I I 
\ j = o  i = o  
3 
i, j = o  
and 
6 
E( i , j ; $o )  i s  given i n  appendix B.  
Equation (8) conta ins  the n o n l i n e a r i t y  of both q u a d r a t i c  and cubic  terms,  bu t  
as t h e  c o e f f i c i e n t s  of  t h e s e  non l inea r  terms are expected t o  be very small com- 
pared t o  t h e  c o e f f i c i e n t s  of l i n e a r  terms i n  t h i n  s h e l l s ,  t h e  s o l u t i o n s  u t i l i z e  
t h e  expansion of  t h i s  equat ion i n  power of  t h e  n o n l i n e a r i t y  parameter  E = k/a .  
Note t h a t  B2, B3, and t h e  s i g n  and magnitude of  X(t)  determine whether t h e  
s t r u c t u r e  acts l i k e  a hardening o r  so f t en ing  sp r ing .  
mode s p a t i a l l y  as i n  t h e  form 
Applied su r face  load is  assumed t o  be harmonic i n  t i m e  and i s  f i x e d  i n  a 
P = p cos u t  = p cos R-r (9 1 
R = u/uo 
Then a f i rs t  approximate s o l u t i o n  o f  equat ion (8) i s  obtained 
X ( T )  = E@() + @ I  cos 5 + E a 2  cos 25 + E 2 @ 3  cos 35 
where 
E -  2 29 € 2  01 = A + - B2A2 - - E B ~ P A  + - E ~ $ ~ ~ A ~  - - 32  8 3 ~ ~  
3 9 144 
and amplitude parameter A included i n  those  c o e f f i c i e n t s  can be  determined 
from 
The following r e l a t i o n s  g ive  t h e  angle  of  phase d i f f e r e n c e  t h a t  i s  due t o  t h e  
viscous damping term K. 
7 
I 
Note t h a t  t h e  s o l u t i o n s  given by equat ion (10) are no t  symmetrical; t h a t  i s ,  
non l inea r  v i b r a t i o n  o f  s p h e r i c a l  s h e l l s  is  phys ica l ly  nonsymmetrical with 
regard  t o  t h e  middle s u r f a c e .  Therefore ,  t h e  amplitude parameter A t ends  t o  
i n c r e a s e  or decrease  wi th  frequency depending on t h e  va lue  o f  
does n o t  n e c e s s a r i l y  mean a hardening o r  so f t en ing  o f  t h i s  s t r u c t u r e .  Nei ther  
does t h e  i n c r e a s e  or decrease  of  amplitude o f  X(t)  wi th  frequency n e c e s s a r i l y  
mean a hardening or s o f t e n i n g  s t r u c t u r e .  
hardening appears a l t e r n a t i v e l y  according t o  t h e  change of  s i g n  o f  
some reg ion  o f  t h a t  va lue)  i n  r e l a t i o n  t o  t h e  va lues  of  
s h e l l  i s  considered a mass. 
B 2  and B3; it 
Equations (8) and (10) i n d i c a t e  t h a t  n o n l i n e a r i t y  o f  so f t en ing  and 
X(t)  ( i n  
62 and 6 3 ,  when t h e  
STABILITY OF THE SOLUTIONS I N  STEADY STATE 
If small d i s tu rbances  are added t o  A and 5 i n  such forms as 
AT A = A + n e  
t h e  s o l u t i o n s  o f  equat ion  (8) can be given as 
X ( T )  = E ( 0 0  + 5,)  + (01 + 5l)COS E + E ( 0 2  + 52)cos 2.E 
Since t h e  va lues  o f  11 and 5 can be  assumed t o  be very  small and A i s  con- 
s i d e r a b l y  smaller, t h e  h igh  o rde r  terms of n and 5 can be  n e g l i g i b l e  a g a i n s t  
n and S ,  and t h e  next  approximation w i l l  b e  app l i cab le .  
Then equat ion (12) can be  r e w r i t t e n  
1 
X ( T )  = X O ( T 1  + X O ' ( T 3 5 1  + X,(T) 
where X O ( T )  sa t isf ies  equat ion (10) and X ~ ( T )  i s  of  t h e  form 
X , ( T )  = € 5 0  + 51 cos 5 + E 5 2  cos 25 + E 2 5 3  cos 35 
S u b s t i t u t i n g  equat ion (12a) i n t o  equat ion ( 8 ) ,  and neg lec t ing  t h e  high o rde r  
terms of  X1 and 51 g ives  t h e  fol lowing equat ion 
8 
From t h i s  equat ion t h e  fol lowing two r e l a t i o n s  can be  deduced. 
where 
To determine TI and 5 from t h e s e  two equat ions ,  t h e  determinant o f  t h e  
c o e f f i c i e n t s  of TI and 5 must be zero,  and X i s  given as t h e  roo t  of t h i s  
determinant i n  t h e  fol lowing form: 
X X 2  + YX + z = 0 
where 
x = 4 ( K 2  + f i 2 )  
9 
If a r o o t  A 
t i o n  is  d ivergent .  
of t h i s  equat ion  has a real p a r t  o f  p o s i t i v e  value,  t h e  o s c i l l a -  
This  condi t ion  occurs  i f  
o r  (13) 
men it i s  concluded t h a t  t h e  o s c i l l a t i o n  concerning an amplitude parameter  
t h a t  satisfies condi t ions  (13) with a s soc ia t ed  R i s  uns t ab le .  
A 
NUMERICAL RESULTS AND CONCLUSION 
A few numerical c a l c u l a t i o n s  w i l l  be  shown f o r  hinged (w = M$ = u = 0) 
S ince  a p a r t  o f  p lane  displacement u con ta ins  q u a d r a t i c  terms of  A i ,  
and clamped boundary condi t ions .  
c o e f f i c i e n t s  A i  are determined as s o l u t i o n s  o f  t h r e e  simultaneous non l inea r  
equat ions a s soc ia t ed  with boundary condi t ions .  
mul t ip ly ing  f a c t o r  E 
Therefore ,  only t h e  l i n e a r  p a r t  o f  u w i l l  be  considered he re ,  and A i  can 
be given approximately from l i n e a r  equat ions.  
p r o p r i e t y  of  t h i s  assumption. 
These q u a d r a t i c  terms wi th  t h e  
can, however, be  assumed t o  be  sma l l e r  than  l i n e a r  ones.  
Numerical r e s u l t s  have shown t h e  
S h e l l  With Hinged Edge 
Def lec t ion  mode shape depends no t  only on t h e  s e l e c t i o n  o f  o rde r s  o f  
Legendre polynomials b u t  a l s o  on t h e  open angle  o f  s h e l l s  and boundary condi- 
t i o n s .  Def lec t ion  shapes w i l l  be  shown f o r  va r ious  sets o f  pi wi th  t h e  
parameter o f  open ang le  40 i n  f i g u r e  1. 
The case of  
and U($) shows t h a t  t h e  i n e r t i a  term of  u may no t  be n e g l i g i b l e  compared 
wi th  t h a t  of w i n  low o rde r  mode shape, d e s p i t e  i t s  neg lec t  i n  t h i s  a n a l y s i s .  
Figure 3 gives  r e l a t i o n s  between amplitude parameter  [ A I  and modified frequency 
a.1 The case p = 0 means free v i b r a t i o n .  Tendency of  i nc rease  o r  decrease  of  
[ A I  with inc reas ing  
[(3/4)83] - [(5/6)B22] ( see  eq. (11)) and t h i s  does no t  i n d i c a t e  t h e  s t i f f n e s s  
o f  hardening o r  s o f t e n i n g  o f  t h i s  system as e a s i l y  recognized from equat ion (8). 
Rela t ions  between n o n l i n e a r i t y  and t h e  inve r se  of  mul t ip ly ing  parameter l / E = a / h  
$ 0  = 120' w i l l  be discussed here .  Figure 2 with regard t o  W($) 
R depends only on t h e  s i g n  of  t h e  term 
lNote t h a t  R = w/wo depends on t h e  r a t i o  6 1 / 6 0 .  Values f o r  Bi (and 
Ai) are given i n  t a b l e  1. 
10 
w i l l  be  given i n  f i g u r e  4 i n  free v i b r a t i o n .  
n o n l i n e a r i t y  inc reases  r a p i d l y  wi th  inc reas ing  E .  Figure  5 a l s o  shows 
I A l  - $2 r e l a t i o n s  of  p = 0.1  wi th  t h e  parameter o f  v i scous  damping K .  
Large va lues  o f  I A l  decrease  wi th  inc reas ing  
t h e  smallest I A I  i nc reases  wi th  inc reas ing  K.  Simultaneously,  t h e  s t a b i l i t y  
zone w i l l  be  i n d i c a t e d  on f i g u r e  5 f o r  t h e  case o f  
p o s i t i v e  A is u n s t a b l e  i n  t h e  domain bounded by +UL and +LL. S imi l a r ly ,  
o s c i l l a t i o n  f o r  nega t ive  
Figure 5 (a )  r e v e a l s  t h a t  i n  t h e  range of R shown i n  t h i s  f i g u r e  t h e  follow- 
ing  cases appear i n  t u r n  wi th  inc reas ing  5 2 .  
The l i n e a r  s ta te  is  E = 0, and 
K .  When t h r e e  kinds of  \ A I  e x i s t ,  
K = 0. O s c i l l a t i o n  f o r  
A i s  uns t ab le  i n  t h e  domain bounded by -UL and -LL.  
(2S,lU) -f (lS,ZU) + (2S,lU) + (1s) 
S = s t a b l e  o s c i l l a t i o n  
U = uns tab le  o s c i l l a t i o n  
Var i a t ion  of  t h e  i n s t a b i l i t y  zone with K w i l l  be  given i n  f i g u r e  6. The 
ex i s t ence  of  K makes t h e  uns t ab le  region o f  IAl  small. F igure  7 shows t h e  
angle  o f  phase d i f f e r e n c e  according t o  K i n  r e l a t i o n  with R .  F i n a l l y ,  time- 
dependent func t ion  X ( T )  w i l l  be  shown i n  f i g u r e  8 f o r  some f i x e d  R .  Note 
t h a t  t h e  maximum \ A \  o f  an 
t h r e e  X ( T )  t h a t  has  maximum amplitude,  and t h e  term cos 5 i s  dominant i n  
X ( T ) .  
c a l l y  with r e spec t  t o  midsurface.  
p = 0.1 and p = -0 .1 i n  f i g u r e  3 ,  b u t  f i g u r e  8 shows t h a t  i n  t h e  f i n a l  r e s u l t s  
f o r  X ( T )  only a d i f f e r e n c e  o f  phase angle  appears .  
62 < 0 i n  ( c ) .  In  a l l  cases X ( T )  s a t i s f i e s  t h e  condi t ion  
R does not  n e c e s s a r i l y  correspond t o  t h e  one of  
Also f i g u r e  8 i n d i c a t e s  t h a t  s h e l l  s u r f a c e  does no t  v i b r a t e  symmetri- 
There i s  a s l i g h t  d i f f e r e n c e  i n  I A l  of  
A l l  B 3  a r e  p o s i t i v e ,  i n  t h e s e  examples, B2 > 0 i n  cases  (a )  and (b ) ,  and 
Then it can be concluded from equat ion (8) t h a t  t h e  e f f e c t  o f  so f t en ing  
and hardening appears  a l t e r n a t e l y  according t o  t h e  change of  s i g n  of  X ( - r ) .  
Cases (a) and (b )  Case (e)  
X ( - r )  p o s i t i v e  hardening s o f t e n i n g  
x (-r) nega t ive  so f t en ing  hardening 
The d e f l e c t i o n  shape W($) i n  case  (a) i s  s i m i l a r  t o  t h a t  i n  case  (b) bu t  
has  a d i f f e r e n t  magnitude ( f i g s .  2 (a)  and 2 ( b ) ) .  However, t h e  f i n a l  r e s u l t s  
f o r  w($ , t )  d i f f e r  only s l i g h t l y .  
condi t ion .  
S imi l a r  f i g u r e s  are shown i n  f i g u r e s  9 through 14 f o r  t h e  clamped edge 
Ames Research Center  
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DETERMINATION OF a i  AND C i  
The expressions f o r  t h e  stress funct ion  J I  and t h e  long i tud ina l  
displacement u con ta in  t h e  terms a i  and C i  ( see  eqs.  (6) and ( 7 ) ) .  These 
terms are eva lua ted  as fol lows.  From equat ion (S), 
3 
i= o 
w = AiPVihX(t) 
3 3  
( ~ 0 ) ~  = A . A . P '  P '  h2X2(t)  
i = o  j = o  1 J P i P  j 
If equat ion (A2) is  s e t  as 
2u 
( w O ) ~  = CkPkh2X2(t) (A3 1 
k=O 
t h e  c o e f f i c i e n t s  of t h i s  f i n i t e  s e r i e s  a r e  determined with Legendre polynomials.  
From t h e  expansion ( r e f .  7 ) ,  
n+m 
C P  n,m r r PnPm = 
r= In-m I 
it fol lows by d i f f e r e n t i a t i o n  with r e spec t  t o  $I t h a t  
n+m 
D P  n,m r r 
where 
1 D = ( i ( i  + 1 )  + j ( j  + 1)  - k(k + 1)) i , jCk  i , j  k 
1 2  
' I  .- . 
- 2k + 1 - 
i + j + k + l  i , j c k  
R i - j+k  R j - i+k  R i + j - k  
-
2 2 2 
Ri+ j +k 
2 
- (2s - l ) ! !  Rs - - 
S! 
f o r  i n t e g e r  va lues  o f  s ,  
(-l)!! = O!! = 1 
and i f  li - j I i s  even, then  .Dk 0 (k i s  odd) 
i , l  
li - j I is  odd, then  .Dk 0 (k i s  even) 
i , J  
Then t h e  c o e f f i c i e n t s  Ck of  equat ion (A3) can be  determined as 
3 3  
A t  COS 4 = 1, 
1 Pm = O , P  = 1  (m i s  a r b i t r a r y  i n t e g e r )  m 
These c o e f f i c i e n t s  then  s a t i s f y  t h e  r e l a t i o n  
2 C k  = %Ck = 2 C k  = o  
k= 0 k=0,2,4,. . . k=1,3,5,. . . 
The nonl inear  terms o f  compa t ib i l i t y  of equat ion (3) can b e  expanded i n  a 
ser ies  of  Legendre polynomials.  
2u 
i = o  





i+r+ 1 i - 1  2i + 'c cr( (-1) - 11 4 =-ci + 2 
r=i 
because 
0 r + l < - i  
2 i  r = i  
2 i  + 1 
1 - (-1) r > i  i+r+ 1 
PrlPi cos + d+ = 




DETERMINATION OF E ( i  , j  ; $0) 
The c o e f f i c i e n t s  appearing i n  equat ion ( 8 )  depend on t h e  q u a n t i t y  
E ( i ,  j ; $0) t h a t  is  eva lua ted  below. 
E( i , i ; $o )  = (” P . P .  1 1  s i n  + d$ 
0 
1 [i/21* [ 2 ( i  - 2p) + l ] E ( i , i  - 2p;$o) -xp= 1 
by us ing  t h e  fol lowing expansion 
[ i / 2 1  
I 2 ( i  - 2p) + 1 ) ~ ~ - ~ ~  s i n  $ c = (-1) d - P  d$ i-1 
D= 1 
*[ i /2 ]  : gauss ian  symbol 
15 
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TABLE 1.- NUMERICAL VALUES FOR CONSTANTS USED IN 
EXAMPLE CALCULATIONS 
Case (a) 
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Figure 1. - Concluded. 
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Figure 2 . -  Deflect ion and in-plane displacement shapes f o r  a s h e l l  of  open 
angle 40 = 120'; a/h = 100, hinged edge. 
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(c) Pi = (092 ,394)  
Figure 2.- Concluded. 
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(a) v i  = (0,1,2,3) 
Figure 3 . -  Relation between amplitude parameter I A l  and modified angular frequency 0 with various 
magnitudes of external  forces p; $0 = 120°, a/h = 100,  K = 0.05, hinged edge. 
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(b) Pi = ( 0 , 1 , 2 , 4 )  
Figure 3.- Continued. 
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(c) Pi = ( 0 , 2 , 3 , 4 )  
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Figure 4.- Variation of [ A I  - R relation with respect to radius-thickness 
ratio in undamped free vibration; p = 0, K = 0 ,  $ 0  = 120", hinged edge, 
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(a) Pi = ( 0 , 1 , 2 , 3 )  
Figure 5.- Variation of I A l  - R 
nondamping state (K = 0). 
p = 0 .1 ,  (Po = 120°, a/h = 100, hinged edge. 
relation with respect to viscous damping K and instability zone in 
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(b) Pi = (0,1,2,4) 
Figure 5.- Continued. 
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( c )  Pi = ( 0 , 2 , 3 , 4 )  
Figure 5.- Concluded. 
2 
I 
























\ \ \ 
\ + 
K =  0 
Figure 6.- Variation of instability zone in relation with viscous damping; 
p = 0.05, $ 0  = 120°, a/h = 100, hinged edge. 
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Figure 7.-  Relat ion between phase-difference and modified angular  frequency; p = 0.1,  $ 0  = 120°, 
a/h = 100, hinged edge. 
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(b) vi  = (0,2,3,4) 
Figure 7 . -  Concluded. 
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A 8.6254 - 9.5798 - 954408 
- IO 
( a l )  pi = (0 ,1 ,2 ,3) ;  R = 0.945 ( th ree  r e a l  roo t s  t o  eq. (11)) .  





I 2 3 
CPO - 363.940 - 233.6883 - 1.28847 
CP, 16.65689 - 13.6013 .96059 
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@ p 3  1100.660 - 1334.749 5 .32203 
A 14.3496 - 15.3022 .952626 
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p=. I 
+ ~ . 0 5  
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(bl) pi = (0,1,2,4); R = 0.945 (three real roots to eq. (11)). 
Figure 8.- Continued. 
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(cl) pi = ( 0 , 2 , 3 , 4 ) ;  R = 1 . 0 2 0  (three real  r o o t s  to eq. ( 1 1 ) ) .  
Figure 8.- Continued. 
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(a2) pi = (0,1,2,3); 0 = 1.020 (one real root to eq. (11)). 
Figure 8. - Continued. 
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(c2) pi = ( 0 , 2 , 3 , 4 ) ;  R = 0.945 (one r e a l  roo t  t o  eq. (11)) 
Figure 8.-  Concluded. 
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Figure 9.- Deflection shapes for various open angles; a/h = 100, clamped edge, vi = (0,1,2,3). 
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Figure 10 .- Deflect ion and in-plane displacement shapes f o r  a s h e l l  o f  open angle $0 = 120°, a/h = 100, 
clamped edge, p = (0 ,1,2,3) .  1 
Figure 11.- Relation between amplitude parameter 1AI and modified angular frequency 52 with various 
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Figure 1 2 . -  Var ia t ion  o f  I A l  - s2 r e l a t i o n  with 
r a t i o  i n  undamped f r e e  v i b r a t i o n ;  p = 0 ,  K = 
vi = (0 ,1,2,3) .  
r e spec t  
0, $ 0  = 
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Figure 13.- Variation of \ A I  - $l r e l a t i o n  with respect  t o  viscous damping K and i n s t a b i l i t y  zone i n  
nondamping s t a t e  (K = 0 ) ;  p = 0.1, $ o  = 120°, a/h = 100,  clamped edge, 1 ~ -  i = (0,1,2,3). 
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(a) vi = (0,1,2,3);  R = 0.945 ( th ree  real  r o o t s  t o  eq. (11)) .  
Figure 14.- Time-dependent va r i ab le ;  a/h = 100, = 120°, clamped edge. 
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(b) P .  = (0 ,1 ,2 ,3 ) ;  R = 1.020 (one r e a l  root t o  eq. (11)).  
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Figure 14. - Concluded. 
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